Abstract. Inspired by the work of F. Hang and X. Wang and partial results by S. Raulot, we prove a scalar curvature rigitidy result for locally conformally flat manifolds with boundary in the spirit of the well-known Min-Oo conjecture.
Introduction
The well-known Min-Oo conjecture has fascinated mathematicians for over a decade. Motivated by the positive mass theorem (first proven by Schoen and Yau in [SY79] and [SY81] ) and similar results for nonpositive curvature (e.g. by Bartnik [Bar86] and himself [MO89] ), Min-Oo conjectured the following [MO98, Theorem 4]:
Conjecture. Let (M, g) be an n-dimensional compact connected Riemannian manifold with boundary. Assume that (i) Scal(g) ≥ Scal(g S n ) = n(n − 1), (ii) The boundary ∂M is totally geodesic and isometric to S n−1 .
Then (M, g) is isometric to the upper hemisphere S n + := {x ∈ S n | x n+1 ≥ 0}.
Min-Oo's conjecture was widely believed to be true but proven wrong in 2011 when Brendle, Marques and Neves [BMN11] were able to construct a counterexample valid in dimensions n ≥ 3. Min-Oo's conjecture is true in dimension two, by an old result due to Topogonov [Top59] . However, several partial results have been obtained and modified versions of Min-Oo's conjecture hold in many special cases, see e.g. [HW06] , [HW09] , [Eic09] , [HW10] , [BM11] , [MT12] and the survey article [Bre12] . For example, in [HW06] , Hang and Wang showed that Min-Oo's conjecture is true for metrics in the conformal class of the standard metric: Theorem 1.1. Let g = e 2φ g S n be a C 2 metric on S n + . Assume that (i) Scal(g) ≥ n(n − 1) everywhere, (ii) The boundary is isometric to S n−1 .
Then g is isometric to g S n .
In [HW09] , they were able to prove a similar result for domains in S n + . The proofs rely on the analysis of the equations for conformal scalar and mean curvature. If n ≥ 3 and g,g = u 4 n−2 g are conformally equivalent metrics, then n − 2 4(n − 1) Scal(g) u n+2 n−2 = n − 2 4(n − 1) Scal(g)u − ∆u, n − 2 2 H(g)u n n−2 = n − 2 2 H(g)u + ∂u ∂η ,
where H denotes the mean curvature computed with respect to the inner unit normal ν = −η. Motivated by Hang and Wang's results, Raulot [Rau12] was able to extend Theorem 1.1 to a class of locally conformally flat manifolds, that is, manifolds which are not globally conformally equivalent to the upper hemisphere but locally look like a conformal deformation of the sphere (for a precise definition see Section 2). Using the Chern-Gauß-Bonnet formula, he proved:
) be a compact Riemannian manifold with boundary of dimension n = 4 or n = 6 with χ(M ) = 1. Suppose that the boundary ∂M is umbilic with non-negative mean curvature and isometric to the round sphere S n−1 . If (M, g) is locally conformally flat with scalar curvature Scal ≥ n(n − 1), then (M, g) is isometric to the standard hemisphere.
In this paper, we prove a scalar curvature rigidity theorem for locally conformally flat manifolds in the spirit of Min-Oo's conjecture without assumptions on the dimension or the Euler characteristic.
As Min-Oo's conjecture is true in dimension two, we always assume n ≥ 3.
To state our main result, we fix the following definitions:
and
n (x, p) < ρ} be the geodesic ball of radius ρ around p in S n . Let H ρ = cot(ρ) be the mean curvature of the boundary Σ ρ := ∂D ρ . Note that Σ ρ is isometric to a sphere of radius sin(ρ).
Then we have Theorem A. Let (M n , g), n ≥ 3, be a compact connected locally conformally flat Riemannian manifold with boundary. Assume that i) Scal(g) ≥ n(n − 1) everywhere, ii) The boundary ∂M is umbilic with mean curvature H(g) ≥ H ρ and isometric to Σ ρ . Then (M, g) is isometric to D ρ with the standard metric.
For the reader's convenience, we collect all necessary definitions and conventions in Section 2. Remark 1.4. The assumption on the boundary being isometric to Σ ρ can be relaxed to ∂M being simply-connected and of constant scalar curvature csc(ρ) 2 (n−1)(n−2), see Corollary 2.7. This paper is structured as follows: In Section 2, we present all necessary definitions and basics on locally conformally flat manifolds and conformal transformations. We prove Theorem A under the additional assumption on M being simplyconnected as we find the argumentation instructive and motivating. In Section 3, we show that the universal covering of any manifold satisfying the assumptions of Theorem A can be conformally embedded in S n using a deep result by Schoen and Yau. In Section 4, we conclude Theorem A using similar methods as Hang and Wang in [HW06] and [HW09] . also very grateful to Saskia Voß for mathematical conversations and proofreading. Moreover I gratefully acknowledge the support and hospitality of the Max-PlanckInstitute for Mathematics in Bonn.
The developing map
In this section we fix some definitions and present basics on locally conformally flat manifolds and Möbius transformations. For more background see e.g. [SY94] and [Rat06] . As a corollary, we obtain Theorem A under the additional assumption that M is simply-connected. We start with some basic definitions:
Definition 2.1. We say that a hypersurface Σ ⊆ M is umbilic if the second fundamental form is a multiple of the first fundamental form, that is II = Hg| T Σ×T Σ .
Note that being umbilic is a conformal invariant; if Σ ⊆ M is umbilic with respect to a metric g then it is also umbilic with respect to all metrics of the form e 2φ g. Throughout this paper, all second fundamental forms and mean curvatures will be computed with respect to the inner unit normal ν = −η.
2.1. Locally conformally flat manifolds. Definition 2.2. A C k -Riemannian metric g on a smooth manifold M is called locally conformally flat if for every point p ∈ M , there exists a neighbourhood U of p and φ ∈ C k (U ) such that the metric e 2φ g is flat on U .
Remark 2.3. In dimension two, every Riemannian manifold is locally conformally flat, due to the existence of so-called isothermal coordinates. A three-dimensional Riemannian manifold is locally conformally flat if and only if its Cotton tensor C vanishes while in dimension n ≥ 4, a Riemannian manifold is locally conformally flat if and only if the Weyl tensor W vanishes. Note that the Weyl tensor always vanishes in dimension n ≤ 3 while in dimensions n ≥ 4, Weyl and Cotton tensor are related via
angle-preserving or, equivalently, if we may write Φ * h = e 2φ g for some function φ.
) is a locally conformally flat manifold, we obtain locally defined isometries (necessarily of class
⊆ R n which are conformal with respect to the metric g. If M is simply-connected, one can use Liouville's theorem on conformal mappings to glue all these together to a conformal map f : M → R n . Composing with a stereographic projection, we obtain a conformal map Φ : M → S n , called the developing map which is unique up to conformal transformations of S n . We now present an easy topological lemma which we will use several times:
Lemma 2.5. Let Φ : M → N be a local homeo-(diffeo-)morphism with M being compact and N being simply-connected. Then Φ is bijective, i.e. a homeo-(diffeo-) morphism.
is compact, hence closed. Thus, Φ is surjective and therefore a covering. As N is simply-connected, Φ is bijective.
As a corollary, we obtain a well-known result due to Kuiper (see [Kui49] ): Corollary 2.6. A closed simply-connected locally conformally flat manifold is conformally equivalent to S n .
We now show the claim of Remark 1.4: First note that an umbilic hypersurface in a locally conformally flat manifold is again locally conformally flat, then use:
Corollary 2.7. Let (M, g) be a closed simply-connected locally conformally flat manifold with constant scalar curvature r −2 n(n − 1). Then (M, g) is isometric with S n r . Proof. By Corollary 2.6, such M is conformally equivalent to S n . By a theorem of Obata (see [Oba72, Theorem 6 .1]), g has constant sectional curvature.
Möbius transformations.
At this point it is worthwhile having a look at certain conformal transformation groups. We define the Möbius transformation groups M (R n ) and M (S n ) to be the subgroups of the respective diffeomorphism group generated by reflections in hyperspheres where a hyperplane in R n is seen as a hypersphere containing infinity. Note that both groups are isomorphic via conjugation with a stereographic projection.
Liouville's theorem states that every (locally defined) conformal transformation of R n is actually (the restriction of) a Möbius transformation. So the conformal transformation groups of R n and S n are M (R n ) and M (S n ), respectively. We set M (B n ) to be the subgroup of M (R n ) containing all Möbius transformations preserving the unit ball B n . It turns out that the homomorphism
induced by restriction is an isomorphsim, that is:
Proof. As M (S n ) is generated by reflections in hyperspheres, it is enough to extend these. Let a reflection σ in a hypersphere S ⊆ S n be given. LetS be the generalized hypersphere (S may be a hyperplane) orthogonal to S n which intersects S n in S. Then the reflection of R n+1 inS extends σ and leaves B n invariant. For more details, see [Rat06, Section 4.4] 2.3. The simply-connected case. We are now in the position to prove Theorem A under the condition that M is simply-connected. Although the proof is similar to the non-simply-connected case, we present it separately to illustrate the technique and to argue why the assumption on the mean curvature can be dropped in this case provided ρ = π 2 . We proceed in three steps: We will first show that the developing map of M is injective and compose with a stereographic projection and a Möbius transformation to obtain a "nice" image in R n , then use the results of Hang and Wang. Note that we will show the injectivity of the developing map without the simply-connectedness of M using a deep result by Schoen and Yau in Section 3.
Proof (Theorem A, simply-connected case).
Step 1: As M is simply-connected, there exists a developing map Φ : M → S n . Since ∂M is umbilic and being umbilic is a conformal invariant, the image of ∂M must be umbilic in S n , that is, it is contained in a hypersphere Σ ⊆ S n . Applying Lemma 2.5 to Φ| ∂M , we see that Φ| ∂M : ∂M → Σ is a diffeomorphism. Composing with a Möbius transformation of S n , if necessary, we may assume that Σ is the equator ∂S n + = {x ∈ S n | x n+1 = 0}. Consider the double manifoldM = M ∪ ∂M (−M ). Here we write −M for the second copy of M inM in order to distinguish it from M itself. We extend Φ to a mapΦ :M → S n in the following way: We write Φ = (Φ 1 , . . . , Φ n+1 ) and set
ThenΦ is well-defined and continuous because Φ n+1 (x) = 0 for x ∈ ∂M . Moreover, it is a local homeomorphism. Lemma 2.5 implies thatΦ is a homeomorphism and hence Φ is injective. Furthermore, the image is either S n + or S n − .
Step 2: Let {S, N = −S} be a pair of antipodal points. By composing Φ with a Möbius transformation of S n , we may assume that the image of Φ is D ρ (S). As Σ ρ (S) = ∂D ρ (S) equipped with the metric (Φ −1 ) * g is isometric to Σ ρ , we obtain an isometry f :
) which is conformal with respect to the standard metric. Using Poincaré extension (see Proposition 2.8), we can extend f to a Möbius transformation of S n preserving D ρ (S), call it F . Composing Φ with F −1 , we may assume that ((Φ −1 ) * g)| Σρ(S) coincides with the standard metric.
Step 3: By construction, we have obtained a metric (Φ −1 ) * g on D ρ (S) which is conformal to the standard metric and agrees with it on the boundary. We can now apply the results from Hang and Wang:
If ρ = π 2 , Claim 3.5 from [HW06] implies that (Φ −1 ) * g is the standard metric, hence M is isometric to S n + (without any assumptions on the mean curvature). In all other cases, H(g) ≥ H ρ and [HW09, Proposition 1] imply that (Φ −1 ) * g is the standard metric.
Injectivity of the developing map
If M is not simply-connected, we do not know whether there is a conformal map to S n . However, we can pass to the universal coveringM to obtain a developing map Φ :M → S n . In this section we establish that, under the assumptions of Theorem A, this developing map is injective (see also [LN14, Theorem 1.4]):
Proposition 3.1. Let (M, g) be a compact connected locally conformally flat manifold with boundary. Assume that M has positive scalar curvature and that ∂M is umbilic and simply-connected with non-negative mean curvature. LetM → M be the universal covering. Then there exists an injective conformal map Φ :M → S n which is a conformal diffeomorphism onto its image. The image is of the form
where the D εi (p i ) are geodesic balls in S n with disjoint closures and Λ is the socalled limit set, a closed subset of Hausdorff dimension at most n−2 2 . Before presenting the proof, we shortly comment on the limit set: Let Γ ⊆ M (S n ) be a subgroup of the conformal transformation group of S n . Then the limit set of Γ is defined as Λ(Γ) := {x ∈ S n | there exist x ′ ∈ S n and γ i ∈ Γ such that γ i x ′ → x} .
Now if (M, g
) is a locally conformally flat manifold we obtain a developing map Φ :M → S n , hence π 1 (M ) (viewed as the group of deck transformations) acts on S n by Möbius transformations. We obtain a homomorphism ρ :
If the scalar curvature of M is non-negative, one can show that the developing map is injective, the holonomy representation is one-to-one and Λ(ρ(π 1 (M ))) = ∂(Φ(M )) = S n \ Φ(M ). For more background see [SY94] .
The main idea of the proof is to apply a deep result on the injectivity of developing maps by Schoen and Yau (see [SY88] and [SY94] which states that the developing map is injective provided Scal ≥ 0. However, Schoen and Yau remark that "for this application it is necessary to extend the positive energy theorems to the case of complete manifolds; that is, assuming that the manifold has an asymptotically flat end and other ends which are merely complete. This extension will be carried out in a future work." To the author's knowledge, such a generalization of the positive mass theorem is widely believed to be true but no such extension has yet been published. Since we do not want to rely on this extension to be true, note that we can use [SY88, Proposition 3.3, (i)] in dimension n ≥ 4, while in dimension 3, any orientable manifold is spin so Witten's version of the positive mass theorem (which can be extended to the complete case) implies that [SY88, Theorem 4.5] holds. See also Appendix A of [CH06] , where the same problem occured.
Proof. We proceed in three steps: First we show how to obtain a smooth metric on the double manifold conformal to the canonical one, then apply Schoen and Yau's results to its universal cover. In the last step, we show that the image has the claimed form.
Step 1: If M is conformally diffeomorphic to S n + , M is simply-connected and the results from Section 2.3 apply. In all other cases, our assumptions on scalar-and mean curvature imply that the Yamabe invariant of M is positive and hence by Escobar's solution to the Yamabe problem on manifolds with boundary for locally conformally flat manifolds (see [Esc92] ), there exists a metric g ′ in the conformal class of g with (constant) positive scalar curvature and totally geodesic boundary.
Consider the double manifoldM = M ∪ ∂M (−M ). Since ∂M is totally geodesic with respect to g ′ , the canonical metricĝ ′ extending g ′ is C 2,1 as can be seen in Fermi coordinates (see e.g. [Esc92, Appendix] ). One can now check that the results from [SY88] (see also [SY94] ) hold for C 2,1 -metrics, but in this special case we can even find a smooth metric with positive scalar curvature conformal toĝ:
In fact, for ε > 0 small enough, we take a neighbourhood U of ∂M in M diffeomorphic to ∂M × [0, ε). As the latter is simply-connected, we obtain a conformal map Φ U : U → S n . As ∂M is umbilic, Φ(∂M ) is also umbilic and hence contained in a hypersphere. By Lemma 2.5, Φ U | ∂M is a diffeomorphism onto that hypersphere. Hence, as Φ U is an immersion, we may shrink U to obtain an injective conformal map. This proves that there exists a neighbourhood of ∂M inM which is isometric to a tubular neighbourhood of the equator in S n equipped with a metric of the form µ 2 g S n , where µ is C 2 and smooth away from the equator. Approximating µ with a suitable smooth function, we find a smooth metric g * onM conformal toĝ ′ with positive scalar curvature.
Step 2: Let π : N →M be the universal covering ofM . Equipped with the Riemannian metric induced by g * , N is a simply-connected complete locally conformally flat manifold with positive scalar curvature. From the results of [SY88] and [SY94] , it follows that the developing map φ : N → S n is injective and Λ ′ := S n \ φ(N ) is the limit set of π 1 (M ). As g * has positive scalar curvature, the results of Schoen and Yau imply that the Hausdorff dimension of Λ ′ is at most n−2 2 . LetM ⊆ N be a connected component of π −1 (M ). Then π :M → M is a covering and since φ : N → S n was injective, Φ := φ|M is also injective. Furthermore, the metricsg andg * onM induced by g and g * , resp., are conformally equivalent (since g and g * are) and so Φ is also conformal with respect tog. We conclude that Φ : int(M ) → Φ(int(M )) is a conformal diffeomorphism. To show that it is actually a diffeomorphism ofM , we need to verify that Φ is also a local diffeomorphism near the boundary, i.e. Φ(∂M ) ⊆ ∂Φ(M ).
To see this, note that ∂M is diffeomorphic to disjoint copies of S n−1 , since the coveringM → M induces a covering ∂M → ∂M ∼ = S n−1 and the latter is simplyconnected. In particular, any connected component S of ∂M is diffeomorphic to a sphere. Arguing as above, we see that for any such S, Φ| S : S → Φ(S) is a diffeomorphism, where Φ(S) is some geodesic sphere in S n . Hence S n \ Φ(S) has two connected components. AsM \ ∂M is connected and Φ is injective, it follows that Φ(M \ ∂M ) lies in exactly one of these connected components, thus
Step 3: We have seen that Φ :M → Φ(M ) is a conformal diffeomorphism and
′ is a closed subset. Note that Λ is empty ifM is compact, i.e. |π 1 (M )| < ∞. The set Φ(M ) can thus be identified with
where, by injectivity, the D εi (p i ) are geodesic balls in S n with disjoint closures and
n is a conformal diffeomorphism as claimed.
Extension of the metric
As we have seen, any M satisfying the hypotheses of Theorem A can be conformally covered by a subset C ⊆ S n as above. We want to argue similarly to the simply-connected case, but certain problems arise: First of all, if M is not simply-connected, then the image ofM under the developing map has more than one "hole" D εi (p i ) and if π 1 (M ) is infinite, then the limit set Λ is non-empty. In this section we show how to extend the metrich := (Φ −1 ) * g to S n \ (D εi (p i ) ∪ Λ) for a given particular i. The basic idea is to glue in spherical caps D π−ρ along the boundaries; we make this construction more explicit below. We then show that the extended metric is isometric with the standard one contradicting the existence of more than one of those caps.
Pick any i. For every j = i, we extend the metrich to D εj (p j ) in the following way:
Let {S, N = −S} be any pair of antipodal points. Let φ j be a conformal transformation of S n mapping D εj (p j ) to D π−ρ (N ). By assumption, (Σ ρ (S), φ * jh | Σρ(S) ) is isometric to Σ ρ (S) with the standard metric, therefore there exists an isometry f j : Σ ρ (S) → (Σ ρ (S), φ * jh | Σρ(S) ). As φ * jh is conformal to the standard metric, f j is a Möbius transformation of Σ ρ (S). Using the Poincaré-extension (see Proposition 2.8), we can extend f j to a Möbius transformation of S n preserving D ρ (S), call this extension F j .
Then h j := F * j φ * j h is a metric on the set C j := (φ j •F j ) −1 (C) which is of a similar form as C (with different parameters), where one of the balls -corresponding to the ball D εj (p j ) for our fixed j -is D π−ρ (N ). As h j is conformal to the standard metric, we may write
for some function u j . By construction and assumption, we have that h j coincides with the standard metric on Σ ρ (S), Scal(h j ) ≥ n(n − 1) and the mean curvature of Σ ρ (S) is at least H ρ . In terms of u j , this becomes:
Hence the functionū j defined bȳ
and is locally Lipschitz. Now extend h j by settinḡ
Pulling backh j with (φ j • F j ) −1 , we obtain a metrich j on C ∪ D εj (p j ) extending h. Combine all these by setting
Using this extension, we show:
which is locally Lipschitz and satisfies Scal(h) ≥ n(n − 1) weakly in the sense thath =ũ 4 n−2 g S n with −∆ũ ≥ n(n − 2) 4 ũ n+2 n−2 −ũ weakly. With respect toh, the boundary ∂D εi (p i ) has mean curvature at least H ρ and is isometric to Σ ρ .
Proof. Writingh constructed above as h =ũ 4 n−2 g S n , it remains to show that the extensionũ satisfies
weakly. Note that, by construction,ũ satisfies (4.1) in int(C) and on every D εj (p j ), so we only need to take care of the boundary values. Let H j = cot(ε j ) > 0 be the mean curvature of D εj (p j ) with respect to the spherical metric and computed with respect to the inner unit normal ν = −η (pointing into D εj (p j )).
Since, by construction, (D εj (p j ),h) is isometric to D π−ρ with the standard metric, the mean curvature of the boundary with respect toh viewed from the inside is −H ρ . Writing ∂ũ ∂η ± (x) := lim Proof. Leth be the metric constructed in Proposition 4.1. As above (i.e. by pulling backh with a Möbius transformation), we may assume that D εi (p i ) = D π−ρ (N ) andh restricted to the boundary ∂D π−ρ (N ) = Σ ρ (S) coincides with the restriction of the standard metric g S n .
As in the simply-connected case, it is convenient to transfer the problem to R n via stereographic projection. Let π : S n \{N } → R n be the stereographic projection from N , then π(D ρ (S)) = B r (0) =: B r , where r = tan(ρ/2).
Note that π * g S n = w We consider the metric π * h , which is a metric on the set B r \ π(Λ). Writing
we obtain v ∈ C 
